Speeding up Entanglement Degradation 
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We present a method for tracking time-dependent entanglement between different modes of a 
quantum system as measured by observers in different states of relative (non-uniform) motion. By 
describing states on a given spacelike hypersurface, observers/detectors in different states of motion 
can detect different modes of excitation in a quantum field at any desired instant and thereby track 
various measures of entanglement as function of time. We illustrate our method for a scalar field, 
showing how entanglement degrades as a function of time if one observer begins in a state of inertial 
motion but ends in a state of uniform acceleration while the other remains inertial. 
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I. INTRODUCTION 

Entanglement is a key resource in quantum computa- 
tional tasks [H such as t deportation [3], communication, 
quantum control ^3] and quantum simulations It is a 
property of multipartite quantum states that arises from 
the superposition principle and the tensor product struc- 
ture of Hilbert space. It can be quantified uniquely for 
non-relativistic bipartite pure states by the von Neumann 
entropy, and several measures such as entanglement cost, 
distillable entanglement and logarithmic negativity have 
been proposed for mixed states Q. 

Understanding entanglement in a relativistic setting is 
important both for providing a more complete framework 
for theoretical considerations, and for practical situations 
such as the implementation of quantum computational 
tasks performed by observers in arbitrary relative mo- 
tion. For observers in uniform relative motion the to- 
tal amount of entanglement is the same in all inertial 
frames @, although different inertial observers may see 
these correlations distributed differently amongst vari- 
ous degrees of freedom. However for observers in rela- 
tive uniform acceleration a communication horizon ap- 
pears, limiting access to information about the whole of 
spacetime, resulting in a degradation of entanglement as 
demonstrated for scalars and fcrmions 9], and re- 

stricting the fidelity of processes such as teleportation 
[l3|, and other communication protocols [Tl| . 

The most general situation is that of observers in dif- 
ferent states of non-uniform motion. This situation is 
relevant even for inertial observers in curved spacetime, 
who will undergo relative non-uniform acceleration due 
to the geodesic deviation equation, and therefore disagree 
on the degree of entanglement in a given bipartite quan- 
tum state. While it is expected such entanglement will 
be time-dependent, there is presently no approach for de- 
termining how the entanglement changes throughout the 
course of the motion. 
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We address this issue by constructing a new method 
for determining such time-dependent entanglement mea- 
sures. By considering the description of the field modes 
on a given spacelike hypersurface we are able to compute 
the Bogoliubov transformations between states of instan- 
taneous positive and negative frequency as determined 
by observers in different states of non-uniform motion. 
We illustrate our approach by considering specifically the 
entanglement between two modes of a non-interacting 
scalar field when one of the observers describing the state 
begins in a state of inertial motion and ends in a state 
of uniform acceleration. From the perspective of the in- 
ertial observer (Alice) the state is a maximally entan- 
gled pure state. However the non-uniformly accelerated 
(NUA) observer (Vic) finds that the entanglement de- 
grades as a function of time, approaching at late times 
the constant value measured by an observer (Rob) un- 
dergoing the same asymptotic uniform acceleration. The 
paper is structured as follows: In Sec II we solve the Klein 
Gordon equation in the NUA coordinates and compute 
the Bogoliubov coefhcients. In Sec. HI, we quantify the 
degree of entanglement with the help of the logarithmic 
negativity N and mutual information I. Finally, we sum- 
marize our results in the conclusions 



II. SOLUTION OF THE KLEIN GORDON 
EQUATION 

For the inertial observer Minkowski coordinates {t, x) 
are the most suitable for describing the field, whereas 
for a uniformly accelerated (UA) observer Rindler coor- 
dinates (r, ^) are appropriate. As these coordinates cover 
only a quadrant of Minkowski space, the UA observer re- 
mains constrained to a particular Rindler quadrant and 
has no access to the other Rindler sector. Both the in- 
ertial and UA observers can define a vacuum state and 
a Fock space for a scalar field obeying the Klein-Gordon 
equation, with solutions in each related by Bogoliubov 
transformations. A given mode seen by an inertial ob- 
server corresponds for the UA observer to a two-mode 
squeezed state, associated with the field observed in the 
two distinct Rindler regions JJl]. The UA observer can 



2 



neither access nor influence field modes in the causally 
disconnected region and so information is lost about the 
quantum state, resulting in detection of a thermal state, 
a phenomenon known as the Unruh effect (Tsj . 

For an NUA observer consider the coordinates {T,X) 



w{t + x) ^2sui]i{w{T + X)) w{t-x) 



,-w{T-X) 



(1) 



yielding the metric 

ds^ ^ [exp(-2u;T) + exp(2wX)] [dT^ - dX"^] (2) 

which covers t — x < 0, referred to as region (I). The 
remaining half-plane t—x > (region (II)) can be covered 
using coordinates ^ after making the substitutions X 
—X, T —T and w — > ~w. This observer's acceleration 



a{T, Xo) = + e 



2wXo 



'3/2 



w exp{2wXo) (3) 



along X = Xq is non-uniform, with a{T — oo, Xq) = 
and a(T +oo,Xq) = w e:xjp{—wXo). This observer, 
restricted to the region t — x < can causally influence 
events in t — x > but cannot be causally influenced 
by them. Consequently one expects a loss of information 
about the state of a quantum field, with an associated 
degradation of entanglement. 

For both the Rindler and NUA observers entropy no 
longer quantifies entanglement because an entangled pure 
state seen by inertial observers appears mixed from their 
frames. However for the NUA observer this mixed state 
changes with time, making its description somewhat 
problematic. Furthermore, since d/dT is not a Killing 
vector there is no clear way to define a vacuum state. 

Our approach is to describe the field modes on a given 
spacelike hypersurface at time Tq. On any such hyper- 
surface instantaneous positive and negative frequencies 
(with their respective annihilation/creation operators) 
can be defined and a solution to the Klein-Gordon equa- 
tion in (T,X) coordinates can be related to one in {t^x) 
coordinates by a Bogoliubov transformation at T = Tq. 
It is then possible to bound the entanglement of the 
mixed state using logarithmic negativity, which is a full 
entanglement monotone that bounds distillable entangle- 
ment from above [T^ . This quantity will depend on Tq, 
and so one can track the change in entanglement as Tq is 
varied. Similar considerations apply for mutual informa- 
tion pJI], which can be used to quantify the state's total 
correlations (classical plus quantum). We find that two 
modes maximally entangled in an inertial frame become 
less entangled as a function of Tq, with the entanglement 
approaching a fixed value as Tq — > oo. 

The Klein Gordon equation in {T^X) coordinates is 



-2wT 



„2wX\ 



$(X,T) = (4) 



Separating variables via <^{X,T) = F{T)G{X) yields 
the second order differential equations 



d'^FjT) 
dT"^ 



+ (m^ exp(-2u;T) + K^)F{T) = (5) 



d^GjX) 



■ exp{2wX) - K'^)G{X) = (6) 



where is a constant of separation. Writing v — K/w, 
the solutions 

F{T) = A,J,,(-e— ^) + B.J.U-e-""^) (7) 



w 



G{X) = G,Kl{-e' 
w 



w 



w 



■iX 



) (8) 



can be expressed as linear combinations of Bessel func- 
tions Jfj.iZ) and McDonald functions K'^{Z) and lf,{Z). 

As T ^ oo the solutions to ([5]) asymptote to F ^ 
g^iATT^ similar to those for a Rindler observer with time 
coordinate t — T, whereas for T — > — cxd the solutions 
asymptote to to ~ exp{^i^e~'^'^), similar to those for 
an inertial observer with time coordinate wt = —e^'"'^. 
Requiring the solutions to be nonsingular in X we obtain 
from (|7l8p the positive frequency solution with the former 
asymptotic behaviour is 



^^^■+iX,T)^i—)'^^J,Af)Kl{X) 



(9) 



rn^ — wT m qWX 

If; ' w ' 

latter asymptotic behaviour is 



K+iX,T) 



{ — y/^Hl{f)Kl{X) (10) 



as can be determined from the asymptotic behavior of 
the Bessel functions. The solutions (|9ll0p are orthogonal 



(<i>;^+(X,T),<i>i+(X,T)) = («;e^Ve2--l)-^<5(M-i') 

(11) 

under the inner product 



= -i / dS"^ d 
Js 



(12) 



where dS" is the measure orthogonal to the Cauchy sur- 
face S with timelikc unit normal n". 

We proceed in a way analogous to that applied in dis- 
cussing particle production in expanding universes p^ . 
Consider now the hypersurface T — Tq. We consider a 
subspace of solutions of Eq. (H]), possessing instantaneous 
positive frequency at the hypersurface Tq. A general so- 
lution at time T 

$+(X,r) = (c,+ (To) JUT) + c.- (To) J_,,(f ))X,,(X) 

(13) 

will be a positive frequency solution at T = To provided 

^•^^ = • u A Jt'UT)W-' + iJ^UT)) (14) 
2a smh(7ri/) 



where W — \/ rn? e'"^"^^ + K"^ and the overdot denotes a 
derivative with respect to T. 
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A solution for the NUA observer can be expressed in 
terms of positive and negative frequency solutions 

t) = li^^y'^' exp(T*(ei - kx)) (15) 

of the inertial observer via the Bogoliubov transforma- 
tions 

a,.,^{<i>+{X,T),<^f+{x,t)) (16) 



/3,,,. = -($^(X,T),$f-(x,0) (17) 

where — + m? . For the positive frequency solution 
(HSl) cqs. (fTMTD give at T = To 



Pu,k ^ Cc^+{To)B^^k +Cc^_(ro)yl* J. 



where 



ew 2r(l + iv) sinh(7rz^) 2ii; 
B,,k = -^..fcc-'^'^ and C = ,/^. 



(18) 
(19) 



(20) 
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FIG. 1: Logarithmic negativity plotted against To, with 
1/ — K/w, for various values of K and w. a) The dot line 
corresponds toA' = 0.1, w = l, b) the solid line corresponds 
to K = 0.3, w = 1, c) the dash line corresponds to A' = 0.1, 
w — 5, and d) the dash-dot line corresponds to K — 0.3, 
w = 5 



III. QUANTIFICATION OF THE 
ENTANGLEMENT 



Consider now two modes, k and s, of a free scalar field 
in Minkowski spacetime that arc maximally entangled 
from an inertial perspective 



V2 



M In \M 

I \0k) 



\1: 



(21) 



where |0j)^ and |lj)^ are the vacuum and single par- 
ticle excitation states of the mode j with respect to an 
inertial observer in Minkowski space. We assume that 
Alice can only detect mode s with her detector and that 
Vic can only detect mode k with his. The Minkowski 
vacuum state |0)^ = JJ- |0j)^ is defined as the absence 
of any particle excitation in any of the modes. It can be 
expressed in terms of the vacuum |0)"^ with respect to 
the accelerated observer as(17j 



|0) 



M 



1 



M 



m- 



.exp(-iE,,fe5,KA4)|0)-^ (22) 



Using (a* _fc)/ = ia^^k)ii and (/3*fc)/ = i(3u,k)ii, where 
subindices I and II indicate respectively regions (I) and 
(II), we get 



where q is given by 



\ /D* — 1 



I 



'5{iy-X)q 



e---ct+{To)-ct_{To) 
{cMTo) + e—^c,-{To)) 



(23) 



(24) 



We then rewrite ([22|) in terms of a product of two-mode 
squeezed states of the NUA vacuum defined on the hy- 
persurface T = To 

oo 

|0 v/r~kf ^ g"|nfe >j \nk >h (25) 

where \nk)j and \nf^)jj refer to the mode decomposition 
in regions (I) and (II), respectively. Each Minkowski 
mode j has a mode expansion given by Eq. (p5)) . We 
assume that all modes except for mode s for Alice and k 
for Vic are in the vacuum. Tracing over all of these other 
modes yields a pure state since each set of solutions in 
regions (I) and (II) are orthogonal and so different modes 
j and j' do not mix on the hypersurface T = Tq. 

Since events in region (II) cannot causally influence 
those in region (I) we rewrite Eq. (PT|) using (pS)) . trac- 
ing over states in region (II). This yields a mixed state 
between Alice (A) and Vic (V) 



1 



PAV 



(26) 



Pn = |On)(0?i| + - \q\^Vn + l\On){ln+l\ 



+ v/1 - \q\^Vn + l\ln+l){On\ 

+ (l-|gn(n + l)|ln + l)(ln+l| 

whose elements are functions of Tq via the parameter q, 
where \nm) = |ns)^|TOfe)/. 

From here the calculation proceeds in a manner similar 
to that for the Rindler case Q • If at least one eigenvalue 
of the partial transpose of p is negative, then the den- 
sity matrix is entangled; but a state with positive partial 
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FIG. 2: Mutual information plotted against To, with v — 
K/w, for various values of K and w. a) The dot line corre- 
sponds to K = 0.1, w = 1, h) the solid line corresponds to 
K — 0.3, w — 1, c) the dash line corresponds to K = 0.1, 
w — 5, and d) the dash-dot line corresponds to K — 0.3, 
w = 5 



transpose can still be entangled. This criterion is suffi- 
cient for determining entanglement fl^, whose type in 
this case is called bound or non-distillable entanglement 
We obtain the partial transpose by interchanging 
Alice's qubits obtaining 



|2ri 



(1 



n\q[ 



± 



for the eigenvalues in the (n, n -I- 1) block, where 
Z„=(^^ + \q\A +4(1 



One eigenvalue is always negative since j^l < 1 for any 
value of To and so the state is always entangled. Sum- 
ming over all the negative eigenvalues yields the logarith- 
mic negativity [l3|, defined as N{p) = log2 where 
1 1/9"^ 111 is the trace- norm of the density matrix p. The 
quantity N{p) bounds the distillable entanglement (the 
amount of 'almost-pure state entanglement' that can be 
asymptotically distilled) contained in p. We find 



N{pAv) = log2 



Fig. [T] shows that logarithmic negativity decreases with 
increasing time, its slope more pronounced close to Tq — 
where the change in acceleration is maximal. For van- 
ishing acceleration (g ^ as T ^ — oo), N{pAv) 1, 
and as Tq +oo, it approaches the values obtained for 
the U A case Q , with different values of K = vw yielding 
different asymptotic values of N[pAv)- 




Hence entanglement degradation increases as a func- 
tion of time. This behaviour could in principle be em- 
pirically determined by Alice from an ensemble of exper- 
iments with different NUA observers each with the same 
value of w, making measurements for different choices of 
To that are classically communicated to Alice. 

To estimate the total amount of correlation in the state 
we compute the mutual information, defined as I{pAv) = 
S{pA) + S{pv)-S{pAv) where S{p) - -Tr(plog2(p)) is 
the entropy of the density matrix p. We obtain Alice's 
density matrix pA = \l by tracing over Vic's states and 
Vic's density matrix by tracing over Alice's states. The 
resultant entropies can be straightforwardly calculated 
along with the entropy of the joint state, yielding 



I = 



ri=0 



(1 + (n + 1)(1 - |#) log2 (1 + (n + 1)(1 - Igp)) 



for the mutual information, which we plot in Fig. [2] as 
a function of Tq. For large negative values of Tq the 
acceleration vanishes and the the mutual information is 
2 as expected. As the acceleration increases, the mutual 
information decreases reaching, as Tq ^ +oo, a constant 
value larger than unity. 

The logarithmic negativity as well as the mutual infor- 
mation approach for large values of T a constant asymp- 
totic value that depends on v = K/w. Fig. [1] and Fig. 
[5] show that, as expected from the Rindler case 0, for 
a given value of K , the asymptotae of N and / decrease 
as w increases. We also see that for a given vale of w, 
the asymptotic values of N and / increase monotonically 
with K . 



IV. CONCLUDING REMARKS 

Our method for tracking the time-dependence of mea- 
sures of quantum information via a sequence of measure- 
ments on hypersurfaces where positive/negative frequen- 
cies can be defined is quite general and can be applied to 
different kinds of motions and fields beyond the example 
we consider here. For a situation in which both observers 
begin freely falling into a black hole with one observer 
increasing acceleration to avoid this fate, the distillable 
entanglement degrades to a finite value. The entangle- 
ment degradation is due to the increase of entanglement 
with the modes in the region causally undetectable by 
the NUA observer. In curved spacetime, we expect in 
general that entanglement is a time-dependent as well as 
an observer-dependent concept. 

This work was supported in part by the Natural Sci- 
ences & Engineering Research Council of Canada. 
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